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Abstract:

The homogeneous Bianchi type -1 model in the framework of f(T) gravity has been investgated. We have used

equation of state parameter, energy density and power law volumetric expansion to obtain the solutions of field equations.

Some models have been constructed to examine the behavior of accelerating universe.
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[1] Introduction :

According to many observations and theoretical

facts it seems that the universe is in the phase of
accelerated expansion (Riess et al. 1998; Perlmutter
et al. 1997, 1998, 1999; Spergel et al. 2007). The
supernova experiments suggests that the universe
was filled with dark energy and dark matter
(Carmeli 1996, Bennett et al. 2003, Riess et
al.2004, Spergel et al. 2007). Their presence in the
universe is one of the puzzles of theoretical physics
and studied with many alternative = modified
theories of gravity. One of the modified theory of
gravity is the f(R) theory of gravity which is
considered to be the most suitable theory due to its
cosmological importance. F(R) theory of gravity
(Nojiri and Odintsov 2007) gives an clear coalition
of early time inflation and late time acceleration.

Another interesting modified theory of
gravity is f(T) theory of gravity which has recently
received considerable attention ( Ferraro and
Fiorini 2007, 2008; Bengochea and Ferraro 2009)
which is based on the idea of “teleparallelism”
which uses the Weitzenbock connection that has no
curvature but only torsion. It is interesting to note
that their equations of motion are always of second
order in disparity with GR where the field
equations are fourth order equations (Sharif and
Shamir 2009; Sharif and Kausar 2010). Bamba et

al. (2011) discussed different f(T) models to
investigate the cosmological evolution of EoS
parameter for dark energy. Due to spatially
homogeneous and anisotropic nature, many authors
have studied Bianchi Type-1 spacetime in different
context. Kumar and singh (2007,2008) investigated
the solutions of the field equations by considering
B-I universe model. Sharif and Rani (2011) studied
the accelerated expansion of the universe by
considering Bianchi Type-I universe.

The paper is planned as follows: Section
(2) consists of basics of f(T) gravity. Section (3)
provides the solution of field equations for B-I
universe. Section (4) consists of construction of
different f(T) models. Finally, section (5)
comprises with the concluding remarks.

[2] f(T) gravity and its field equations :

The modified teleparallel action for f(T) gravity is
given by (Bamba et al. 2011)

1 4
|=%jd xe(T+f(T)+L,) Q)

where e=,/—(¢ L, stands for the

Lagrangian and f(T)
differentiable function of torsion.
The teleparallel Lagrangian density is described by
the torsion scalar T, as

T=S"T .

matter is a general
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The torsion, antisymmetric and contorsion tensors
are defined, respectively by
T u =Ty -T7w=h2@,h, -0,hl), (3)

Mmoo

5 :%(Kwp FEIT M- 8T %,). (4)

P

14 1 14 Vi \4
K, :—E(T” LT, T ). ()
In the teleparallleism, orthogonal tetrad

components h; (x”) are used, where an index i runs
over 0,1,2,3 for the tangent space at each point x*
of the manifold. Their relation with metric g,,, is
given by

9. =5 thvj , (6)
where 77, =diag(L—1-1-1) is the Minkowski

metric for the tangent space satisfying the
following properties ( Ferraro and Fiorini 2007;
Hayashi and Shirafuji 1979)

thf‘ :5},h;,hi” =3,. @)
The variation of equation (1) with respect to tetrad
h/il leads to the following field equations

10, (65, )- 07,8, Jur £(T))+ 5,270, (T) iy +%h;' [r+ £(T)]= % k2hT

' (8)
v v AL 2 df

where S*" =h?S*" k*=82G, f;=—,
y dT
and the energy momentum tensor is given by

Tpv =diag(oy ,—Pw,—Pu,—Pu), )

where p,, is the energy density and P,, is the

pressure of matter inside the Universe.
[3] Metric and Solutions :
The line element for spatially homogeneous and
anisotropic Bianchi-I universe is
ds? = dt? — A%(t)dx® — B*(t)dy® — C?(t)dz’
, (10)
where A, B and C are functions of cosmic time t .

Using equations (1) and (10), we obtained the
tetrad components as

h, =diag(1, A B,C) ,
h# =diag(, A*,B™,C™). (11)

After substituting Equations (3) and (4) in equation
(2) the torsion T for B-l becomes

8, 2, )
AB BC CA (12)

T= —2(—+

The average scale factor R , the anisotropy
parameter A and the mean Hubble parameter H are

given by
1&(H, -HY
A== ! ,
32( H j

i=1

1
R = (ABC)?

H= 1A + B + 5 (13)
3\A B C
where H; are the directional Hubble paramerters in

X,y and z direction respectively given as,

A B C
Hi==, Hy=—, H,=—.
NA * B ° C
For i=0=v and i=1=v we get the below
field equations
_4(AB_ BC CA k2. (14
EL i) 4(AB+BC+CAJ(1+f(r))_2k oy (14)

LS BRCERANERAC @+ f(T))
BC B C AB AC

A(B B* C C?*) A(B C) B(C c?
-l s = = e s A ki T
[B c} AlB B> C c’) AlB c) BlC C

B C)c(B B?*) A’(B C
GlE_Y | LB
c\B B*) A*(B C

=2k*P, (15)

fTT _(T+ f)

By using the power-law volumetric expansion, we
get
V=Ca™ (16)

where C, is arbitrary constant of integration.

Using this condition, we have found
A=0 (17)
For A = 0the isotropic behavior of the expanding
Universe is obtained and by using this condition the
above field equation becomes,
—8Gp, T T
9 18 9

H? = (18)

(H ) )’ 47GP, T+f(T) (29)

i [3_;](“ fT)+(12—:1j(1+ £)
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For T+f(T)=T the above equations reduces to field
equations as,

H’ :%(pm +pDE) (20)
(H2) = 22 (P + o)+ — @)

SO
m m
Here we consider only non-relativistic matter with

pressure zeroi.e. P, =0.

The energy density and pressure of the effective
dark energy can be described by comparing Eq.(18)
with Eq.(20) and Eq.(19) with Eq.(21) as,

1 (f +2Tf,)

" 167G (22)

PpE
(23)

. G

DE —
4G [12 - ij(u f)
m

The energy conservation equations corresponding
to standard matter and DE are

Pu +3Hpy =0,
Poe +3Hppe 1+ @pe) =0
Here, wpe = Poe is the effective EoS parameter

PoE

for f(T)gravity.
The equation of state for dark energy is

— f(T>_TfT
Poe = {(1+ fT)(f+2TfT)} Gl

[4] Construction of some f (T) models :

In this section, we have proposed three f(T)
models, named as Exponential Model, Logarithmic
Model and Combined Exponential and Logarithmic
Model, which can realize the crossing of the
phantom divide line for the effective equation of
state.

[4.1] EXPONENTIAL f(T) MODEL :

We consider the exponential f(T) model [Linder
2010; Bamba et al. 2011]

PT,

f(T)=aT(1—eTj (25)

We take initial value T, =T(z=0) of the torsion
and the red shift z is given by

z = ti 1 (26)
At present QO =p0/p0 — 026,
where pr(no)is the energy density of non-relativistic

matter defined by [Komatsu et al. 2011]
crit —

2010] with  current  Hubble  parameter

H, =1[Sharif and Jawad 2012]. Here equation

is the critical density [Bamba et al.

(26) has only parameter p if value onEj) is known.

The EoS parameter in terms of [T /T,| is given by

PTy
APTe T

Ope = TE (27)

where

”DEV

—
o4
ot
~

021

A

06t

A8t

3

T 4 far} &
E=l:1+a[1—e T J+@e T }{3[1—@ J+2PT;e }

0.95F

1-QY
where o =———-———=—, pisaconstant. % ; ; % o
1-(1-2p)’ ! t ) dom
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Fig.1 Plot of @, versus [T/T,| with m=2 for
exponential  f(T) model. In left graph,
|p| =0.1(pink), 0.01(green),0.001(red) and in right
graph |p| =—0.1(pink), —0.01(green), —0.001(red)
respectively.

The behavior of wpe as a function of

[T/To| is graphically represented in fig.1. From the
nature of graph, it can be easily verified that for any
value of p, @Wpe approaches to -1 but does not cross

). Therefore, as

the phantom divide line (C!)DE
|T /T0| — oo, the universe stays in the DE era.

Putting Eqg.(16) in Eq.(12) we obtain a torsion
scalar which is a function of redshift z.

_em?)2
{m :( 6m ]
T
(28)
2
T=-6m*(1+2Z)n , T, =—6m’
(29)
Using Eq.(29), Eq.(27) becomes,
) P(1+Z)%
@pE :e—z (30)
D+Z)m
Where,

2 2 -2 2 B 2
D= [1+ a[l—e"‘“m ]+aP(1+Z)FeP<“Z)’" }Hl—ep(“z)m j+ 2P(1+2 ) P2 }

-~
Opg
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Fig.2 Plot of @y versus redshift z for exponential
f(T) model with m=2 and the values of
|p|=0.1,0040001 and |p|=-0.1,-0.04-0.001
respectively.

The behavior of wpe Vversus redshift z is
graphically shown in fig.2. which depict the
equation of state for dark energy wp as a function
of the redshift z for |p/=0.1,0.01,0.001 and

|p|=—0.1,-0.04,-0.001  respectively. For the

positive values of p, decreases  and

approaches to -1 but does not cross the phantom
divide line for z approaches to «. Hence, the
universe  remains in the non-phantom
phase(quintessence). For the negative values of

Wpe

P, wpe Which was initially less than -1, increases
and approaches to -1 without crossing the phantom
divide line. Initially when z approaches to ooit
gives the phantom phase of the universe . Thus, for
both cases, the universe persist in the DE era.

3(1_ep(1+2)% j 2 2pePE2)m (31)
2
@+2Z)m

) 3m’(1+ z)%a
DR 0

87G ppe

(0) ()
where pc =0.74 p,;, (Bamba et al. 2011).

v

(*) V'S

Poe T

T T T T
1 2 3 4

*

Fig.3 Plotof p. versus redshift z for exponential
f(T) model keeping the same parameters as in Fig. 2
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*

The evolution of p. in terms of redshift z

for positive and negative values is shown in Fig.3.
()
A slight increment in p,. can be seen for the
positive values of p and smaller values of z,
whereas it takes a constant value, for larger values
()
of z. However for negative values of p, pp
decreases initially with increasing z and reaches to
constant value as z approaches to «. Here we can

s

note that for both cases of p, pp attains different
valuesat z=0.

Now for phantom and non-phantom phases
we check the relevancy of the exponential f(T)

model by using an approximate method.
From Eg. (25) we have obtained

PTy Py
f. :o{l—e T +?°e { J (32)

By considering X =pT,/T, T,/T<1 in
Egs.(25) and (32), it follows that (Bamba et al.
2010b)

T

PT
Assuming X :?0, =

2 2
Todx+ X8 =2 @
T 2 2

wpe takes the following form after putting these
values in Eq.(24),

Wpg = — (1+ X) (34)

L2

We consider o ~ O(l). It seems that the

dependency of EoS parameter is on the sign of p
and on X. For the positive value of X we

get e ) —1 which gives the non-phantom phase of
the universe. For the negative value of X, we obtain
@pe (—1 which implies the phantom phase of the
universe.

[4.2] LOGARITHMIC f(T) MODEL :

We take the logarithmic f(T) model as (Bamba et
al. 2011)

1

£(T)= m[%) .n(qTL] (35)

Where,

B=——73—, >0
2q 2
Same as the exponential f(T)model, in
logarithmic model also only the parameter q is

involved if value of Q(h‘,,)) is given.

The EoS parameter which is independent of g is
given as

Dpe =~

SERURUEOIEUR

(36)
By using Eq.(29) in Eq.(36), @ takes the
following form

2
Since T =-6m*(l+2Z)m &

=7

I3
—=1+Z)m
:F (+)

1+%Iog(1+2)7?2

Ope =— | =

_Qo ) ]
2+[1%](1+z)ﬁlog Ll —(1—Q‘h‘;’)(1+z)ml}{|og o —1}

@+2) @+2Z)m

37)

| @Ooe

5 } } }
30 40 50 60
1004 [T/Ty|

v
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Fig.4 Plot of wp. versus [T/Ty| in the left side

and @y versus z in right side for logarithmic f(T)
model  with m=2 the values of
|p|=0.l, 0.04,0.001 and -0.1,-0.01,-0.001
respectively.

Fig. 4 shows the behavior of wpe .4

and
||

[T/To| Left graph shows that @, takes negative

value as [T /T,| — oo. Initially the model displays

the properties of both matter and radiation. After a
while, the universe enters in DE era. So we can say
that as the time passes, the universe stays in non-
phantom phase. Right graph show the same
behavior as that of the exponential f(T) model and
hence the universe stays in the non-phantom phase

(a)DE > _1)'

[43] COMBINED EXPONENTIAL AND
LOGARITHMIC f(T) MODEL:

the combination of both
f(T) models as

(38)

The only parameter in this model is the positive

constant u. The EoS parameter for DE is given by
Ul
T

11 \/U_T"E Iog(l{:—"J —1J - 2[1— euTTOJ
(39)

e :_Iliu
Where
1 [uT, (1 uT
1=|1 71/—0 =1 el

e

Now we consider
exponential and logarithmic
(Bamba et al. 2011)

-1

f(r)=r To(ﬂjz In(ﬂj —T[l— =

T T

Wy

o

¥

—eT

uTo
T

Fa et
|

|

uTy
—2eT
F

T f
2 4

Fig.5 Plot of @y, versus [T/Ty| in the left side

and @pe versus z in right side in the combined

exponential and logarithmic model with m=2 and
the values of  |p/=0.1,0010001 and

|p|=—0.1,—0.01,-0.001 respectively.

Left graph of Fig. 5 shows that in the
beginning the universe lies in the non-phantom

phase as wp, acts as a function of [T /T,|. It can
be seen that ;. decreases with increase in [T /T

and crosses the phantom divide line. Again within

some finite time wp. crosses the phantom line

and takes constant value as [T /T,| increases.
Putting Eq.(29) in Eq.(39), @pgin terms of z
becomes

,é[%w/u(u Y @log(u(u Z)%)—lj—Z(I—e“(l\z)ﬁz)7eu(1.z)%u(1+z)%}

(40)  Where

Wpe
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Right graph of Fig. 5 shows that for
different values of u, the universe stays in the

phantom phase initially. But as z increases , @y

crosses the phantom divide line and enters the non-
phantom phase and approaches to a constant value.
It is interesting to note that the behavior of the
combined f(T) models is similar to quintom model
(Khatua et al. 2011).
[5]Conclusion:

In this paper, we have studied the different
phases of the B-I universe in the context of f(T)
gravity. Through graphical representation, phantom
and non-phantom phases of the B-l universe is
examined. It is noted that
(i) For exponential model, the phase of the B-I
universe depends on the sign of the parameter p i.e.
for py0 and p (0 the universe is always in non-

phantom and phantom phase without crossing the
phantom divide line.

(ii) For logarithmic model, the crossing of phantom
divide line does not exist.

(iii) In the combined exponential and logarithmic
model, the crossing of phantom divide can be seen.
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